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Abstract

This report documents the procedures developed for incorporating smart laminate and panel analysis
capabilities within the HyperSizer aerospace structural sizing software package. HyperSizer analyzes
stiffened panels composed of arbitrary composite laminates through stiffener homogenization, or
“smearing”, techniques. The result is an effective constitutive equation for the stiffened panel that is
suitable for use in a full vehicle-scale finite element analysis via MSC/NASTRAN. The existing thermo-
elastic capabilities of HyperSizer have herein been extended to include coupled thermo-electro-magneto-
elastic analysis capabilities. This represents a significant step toward realization of design tools capable of
guiding the development of the next generation of smart aerospace structures. Verification results are
presented that compare the developed smart HyperSizer capability with an ABAQUS piezoelectric finite
element solution for a facesheet-flange combination. These results show good agreement between
HyperSizer and ABAQUS, but highlight a limitation of the HyperSizer formulation in that constant
electric field components are assumed.

1. Introduction

Adaptive structures show a great deal of promise for future aerospace applications. The envisioned
structure’s adaptive capabilities will rely on so-called “smart” (or “intelligent”) materials, which have
properties that enable them to sense various stimuli and react in some way. Incorporating these intelligent
materials has the potential to remove fundamental design constraints and transform aerospace structures
into life-like responsive systems, enabling optimum performance, reliability, and weight throughout a
changing mission profile. The work presented herein focuses on the structural application of one type of
smart material: piezo-electro-magnetic materials (i.e., piezoelectric and piezomagnetic ceramics). Piezo-
electro-magnetic materials are those that exhibit coupling among their electric, magnetic, mechanical, and
thermal responses. That is, for example, in response to an applied voltage or current, a piezoelectric
material (such as lead zirconium titanate, or PZT) will respond mechanically with a change in strain or
stress. Conversely, if piezoelectric materials are loaded mechanically or thermally, a change in their
electric field or flux results. Thus, piezoelectric materials can serve as both actuators and sensors and have
the potential to perform tasks passively through utilization of an induced field/flux to cause a desired
mechanical response. Piezomagnetic materials (such as CoFe,Q,) exhibit similar coupling between their
magnetic and mechanical behaviors, and by forming a composite of piezoelectric and piezomagnetic
materials, a fully coupled piezo-electro-magnetic material can be produced. Piezo-electro-magnetic
materials are characterized by their fast response times to applied (or sensed) stimuli (on the order of 107
to 10" milliseconds) and thus have found significant application as vibration dampers. Reviews of piezo-
electro-magnetic concepts and materials are available in references 1 to 4.

In order to realize the potential embodied by smart materials and structures, advances in modeling
and simulation technologies are needed. The standard tools for structural design are finite element
analysis (FEA) models (e.g., ANSYS, NASTRAN, ABAQUS). However, FEA models are ill-suited
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(i.e., inefficient, subject to operator error) for rapid design and sizing (i.e., trade studies) for structural
components. Further, the lack of well-developed and robust capabilities related to intelligent materials
underscores the shortcomings of the FEA approach when it comes to adaptive structures. There is thus a
need for physics-based design, analysis, and sizing tools are needed that capture the essential
characteristics of piezo-electro-magnetic materials and enable the analysis of structures composed of
these materials.

Major investments have been made by NASA over the last decade that laid the groundwork for such
design tools. The work described herein has resulted from the research project entitled “Multi-Scale
Sizing of Lightweight Multifunctional Spacecraft Structural Components.” This project, funded by NASA
Headquarters, has brought together NASA Glenn Research Center’s Micromechanical Analysis Code
with Generalized Method of Cells (MAC/GMC) (refs. 5 and 6), which simulates the nonlinear behavior of
smart and composite materials, and HyperSizer (ref. 7), a commercial structural sizing software package
originating from NASA Langley technology. Both MAC/GMC and HyperSizer have been enhanced to
simulate piezo-electro-magnetic materials and seamlessly linked such that MAC/GMC provides the ply-
level behavior of a traditional or smart composite (or monolithic) within a stiffened structure modeled by
HyperSizer. In addition, HyperSizer has been enhanced to enable consideration of time-dependent
loading, allowing simulation of an entire mission profile. As such, the software can now consider many
points from a structure’s operating envelope, rather than simply sizing based on a single load level.
HyperSizer also links with FEA to enable automatic application of higher-scale structural loads on the
structural components that are optimized by the software. Thus the integrated HyperSizer—MAC/GMC
product now represents a unique multi-scale tool for the analysis of advance lightweight aerospace
structures. Through its linkage with FEA, the software can consider a truly integrated vehicle structural
design rather than an isolated design of each component.

This report describes the methods and procedures that have been developed to enable the analysis of
piezo-electro-magnetic materials within HyperSizer. Starting with the analysis of a piezo-electro-
magnetic laminate, new laminate level matrices that account for the electric, magnetic, thermo-electric
and thermo-magnetic effects are developed. These then can be treated in a way analogous to the
HyperSizer treatment of the laminate thermal matrix, enabling use of homogenization, or “smearing”
techniques to develop stiffened panel level electric, magnetic, thermo-electric, and thermo-magnetic
terms. The developed methods are based on a classical lamination theory treatment of the laminates
comprising a given stiffened panel, and the homogenization of the stiffened panel so it can be represented
with classical lamination theory terms. It is this simplicity that provides the methods with the level of
efficiency needed to consider many design cases rapidly while still capturing the dominant first-order
effects. A good body of work exists for the analysis of piezoelectric laminates, using both analytical
(refs. 8 to 17) and finite element (refs. 18 to 22) approaches. The piezomagnetic laminates have also
received some attention (refs. 23 to 25). The work most closely related to the methods developed herein
involve the extension of classical lamination theory to include piezoelectric plies by Lee (ref. 8), Crawley
and Lazarus (ref. 9) and Tauchert (ref. 10), and to include piezomagnetic and inelastic behavior by
Bednarcyk (ref. 26).

2. Reference Plane Shifting Procedure for a
Thermo-Electro-Magneto-Elastic Laminate

Because a stiffened panel is, in general, composed of a number of laminates, each of which has
properties that are typically calculated with respect to its own midplane, a first step in calculating
properties of the panel as a whole involves shifting the reference plane of a given laminate. As will be
shown, if the reference plane of each laminate comprising a stiffened panel can be shifted to a common
reference plane, the homogenization of the laminate properties to form the properties of the stiffened
panel properties becomes straightforward.
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Consider and arbitrary number of composite laminates, each of which has its constitutive behavior
defined with respect to its midplane via the standard thermo-elastic lamination theory equation (refs. 27

and 28),
[N—I_ A? BO] 507_
M|J_ B Doh Koh

In this equation, N and M are the force and moment resultant vectors, which are related to the midplane
strain and curvature vectors, €° and k°, by the laminate extensional, coupling, and bending stiffness
matrices (measured with respect to the midplane), A°, B®, and D°, and the thermal force and moment

[Ngﬂ )

T
M |

resultant vectors (measured with respect to the midplane), Ng and Mg . The laminate midplane stiffness
matrices and thermal resultants are given by,

— — 1 — 3 3]
A =Zk:Qk [z,‘g_l _z;g} B° :_%;Qk [(Z,g_l )2 _(Z,g)ZU p° %;Qk |:(zg_1) _(z,‘g) I )
T_ A 0 _ .0 154 0 V2 _(.0\2]
Np =D Qo |:Zk—1 Zki| ATy + 2ZQk“k |:(Zk—1) (Zk) |J AG
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=g (-2 an -T2 () (4] oo

where Q,, is the reduced stiffness matrix of ply £, oy is the coefficient of thermal expansion vector of ply

k, z,(g is the z-coordinate position of the top of ply £ measured with respect to the laminate midplane, AT,
is the temperature change from reference temperature at the laminate midplane, and AG is the linear
laminate through-thickness temperature gradient, i.e., 7(z) — T = ATy +z AG, with T(z) being the
temperature at any z-coordinate location and Ts being the reference temperature.

We now consider a shift of the reference plane from the laminate midplane to an arbitrary z-
coordinate position and seek to determine the effect on the quantities given in egs. (2) and (3). This
arbitrary reference plane shift is depicted in figure 1. Considering point A, in the original, laminate
midplane coordinate system, this point is located at zg =—h/2, whereas, in the new shifted coordinate
system, this point is located at z?" =—h/2 — Az . Thus, for an arbitrary shift of reference plane we have

2" =20 A @)

where Az measures the distance in the positive z-direction from original laminate reference plane to the
new laminate reference plane. The temperature change from reference temperature at the new reference
plane is given based on the linear through-thickness temperature gradient as,

AT o =ATy + AG Az (5)

new

The laminate stiffness matrices, measured with respect to the new shifted reference plane are given
by,

A™ = Q| Y -2 | (6)
k
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Figure 1.—Arbitrary reference plane shift from the laminate midplane.
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Substituting for z™" in egs. (6) to (8) using eq. (4) we arrive at,
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B™" =B + AzA” (10)

e R ) - ST (o (o)
=§ k Q, %[(z;g_l )3 34z (2, )2 +3A2% 20 —Azﬂ—[(z,? )3 382 () +3A2% 2 Azﬂ}
A3 (ef) - (2 1+ 5 20 (39) (e~ (af)’) 3 2 (s e 58]
k k
XACREEIIO YA HECINNS Y AEIEE)
k k
=D% +2 AzB% + A2 A°
D™ =D’ +2 AzB? + A% A° (11)
Likewise, for the thermal force and moment resultants measured with respect to the new shifted
reference plane, we have,
er;ew = Zék“k [thcli‘{v —zp" } ATfew + %Z Qkak [(Z’ICIEY )2 B (Z;‘lew )Zﬂ AG
k k 12)

2]

M =5 S| (1) =) 1| o =5 T | e85 - (22 20
% k

|

Substituting for z™" in eq. (12) using eq. (4) and for AT, using eq. (5), we arrive at,

NASA/CR—2009-215269 5



Noew =2, Q0 [ 20 — Az = 2{ + Az ] (AT, + AG 42)
k

+%§k:6kak [(z;g_l ~ ) (2 —Az)z} AG

:Z(_)k“k [212_1 —22} (ATO +AG Az)
k
+%;6kuk [(22_1 )2 ~2 7 | Az + AZ? —(z,? )2 +2 20 Az —Azzﬂ AG
=Zék“k [22—1 —22} ATy +Z(_2kuk [22_1 —z,?} AG Az
k k
33 e (o (o) ~22(eh - 9)) a6
k

L - _ 2 2
=2 Qo _21?—1 —ZI?_ ATy +%2Qk“k [(Z’?—l) _(Z’(g ﬂ AG
T k

¥ Quox |20 — 20 | AG Az - Qpay [ 20 _zg} AGAz
k - - k

:Z(_)kﬂk :212—1 —ZI?: ATy +%Zék“k [(22—1 )2 _(Z’(g )Zﬂ AG
% %

T
= N0
Nrew =N§ (13)

Moy, == ZQk k|:zk—1 AZ Zk AZ)H(ATOJFAGAZ)
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+ZQk“k [Zk 1~ 2k }ATOAZ"'Z [zk_l -z }AGAZ2
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k
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HyperSizer employs an alternate non-classical form of the laminate constitutive eq. (1) in which the
thermal effects are accounted for using “thermal ABD” terms (ref. 29). In this case, the laminate
constitutive equation is written as,

[N—I_ A° B[] [Ag Bg‘T[ATOT )
M'J B’ D"h K"h BY DYl -AG|J
where,
AY =) Qe [212—1 —Zﬂ (15a)
k
— 2 2
B8‘=—§2Qkak [(22_1) ~(=8) ﬂ (15b)
k
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DF =33 Qe | (a1 -4
k
the thermal force and moment resultants are related to the thermal ABD terms by,
NI =A% AT, —-BY AG
M} =B§ AT, -D§ AG
With respect to the new shifted reference plane, we have,

AT, BY.,, AG

new ~ new

T _ A0
Nnew - Anew

T
Mnew = Bgew ATnew - Dgew AG

Substituting eq. (5) into eq. (18) yields,

Nlow =A%, (ATy +AG Az)-BY%, AG=A% ATy + A%, AG Az - B,

W W

= AgewATO - (Bgew -Ap

new

Az)AG

Using eq. (13) and comparing the terms present in eq. (20) with those in eq. (16) gives,

A(l _ A(l

new — “*0

and,
BY =B, - AL, A
Substituting using eq. (21) and rearranging yields,

o
B new

=By +Az AJ
Substituting eq. (5) into (18) gives,
M., =B%, (AT, +AG Az)-D%,, AG =B%, AT, + B

cwW new
—_B% Az )AG

newATO - (Dgew - Bgew

Using eq. (14) and substituting using eqgs. (16) to (17) yields,

Mo, =B§ ATy - D§ AG + Az (A§ AT, — B AG)

= (Bf + Az A ) AT, - (D§ +BfAz) AG
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Comparing the terms in eq. (25) with those in eq. (24), we confirm eq. (23) and also have,

Da

new

-By.,Az=Dj +BJAz (26)
Rearranging eq. (26) and substituting using eq. (23) then yields,

DOL

@ =DY +2AzBY + Az2 AY @27)
Equations (9) to (11), (13), (14), (21), (23), and (27) thus enable the determination of the thermo-
elastic laminate constitutive equation terms with respect to an arbitrary reference plane from the reference

plane thermo-elastic laminate constitutive equation terms and the reference plane shift, Az .
Thermo-piezo-electro-magnetic effects can be included within the midplane laminate constitutive
eq. (1) (see ref. 26 for details) as,

N1 [A° BO [ ]
7l ol

T
Lol
B’ DOl «°|
E E . ET ET
where Ny and My are the electric force an moment resultant vectors, Ny~ and My~ are the thermo-

M3 .

5

E
My ]

[N{,‘"T‘T_[N{,‘”_[Nyﬂ

ET M MT
My l] [Mp ] [Mp ]

electric force and moment resultant vectors, Nf,” and Mf,” are the magnetic force and moment resultant

vectors, and NS”T and MS'IT are the thermo-magnetic force and moment resultant vectors, all determined

with respect to the laminate midplane. These thermo-piezo-electro-magnetic force and moment resultant
vectors are given by,

E E
NE| v E,| ME| " El
E E A E E A 2 2
No =| Ny | =2.[&]\ By| (2 ~2a) Mg =| My | ==&\ By (F-24) @9
E k=1 E E k=1 P
Nyl z -k My, = Je
ET T ET T
Ny ! N 2 Ex ! My ! N 2z E; !
No =N =D& [ (B a2 mMgT=|MyT| =D (8] [ | Ey| zdz (30)
ET =L gy T ET =L gy T
Ny 1o E; e My o E; e
M M
Ny | v oz | Hyl 7 " H,|
M M 3 E M 3 2 2
NS =\ MY =DM | | By e Mg =| m* =_5kz[qk] Hy| (7% -24) G
M k=1 Z H M =1 H
ny JO ka Mxy JO ka
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N’ICMT—l N Zk H’{—| M’I‘MTT N 2k H’{—|
MT MT 3 T MT MT ~ T
N =M =D la] [ || Mg =\ M| ==Y [a] [ | Hy| zdz (32)
mr| oz, T MT =L gy T
Nyl all, Myl all),

where E; are the electric field components, E,T are the thermo-electric field components, H; are the

magnetic field components, H, ,T are the thermo-magnetic field components, €; is the 3x3 reduced
piezoelectric coefficient matrix (for layer k),

€1 € 331—|

[éx]=|é2 én & (33)
é16 é26 é36 Jk
and q; is the 3x3 reduced piezomagnetic matrix (for layer £),
4 Gy 3|
[dc]=| G2 G2 dx (34

dis Ao 36!,

(see ref. 26 for details). It should be noted that the minus signs present in the above moment resultant eqs.
(29) to (32) are due to the coordinate system employed shown in figure 1. This coordinate system differs
from that used by Bednarcyk (ref. 26), in which the aforementioned minus signs do not appear.

For consistency, we now develop an alternative representation of these force and moment resultants
that by introducing terms analogous to the thermal ABD terms present in eq. (15). Restricting the applied
electric field components to the case in which they are constant throughout the laminate, eq. (29) can be
written as,

N '| Ex—l 1 & "| Ex—l
Ng = [Z [6x1( 251 — 2 )‘ E, My = [_EZ[ék ](21%—1 -z} )‘ E, (33)
k=1 I B, k=1 I B,
Combining eq. (33),
N ]
NE ] Z[ék](zk—l ~zi) Ex—|
[M‘; h = ’TIN E, (34)
° _EZ[ék](ZI%—l —z)| LB
k=1 ]

or,
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NE T [AE ]| >
E‘ = E‘ E, (35)
MO J BO J E J
6x1 63 =
31
where,
E_ S, E 1, 1 2 2
Ag =D [&](ze1-2z) B :_EZ[ek](zk—l _Zk) (36)
k=1 =1

Here Ag and Bg are each 3x3 matrices and combine to form the laminate electric AB matrix, as shown
in eq. (35).

Similarly, restricting the applied magnetic field components to the case in which they are constant
throughout the laminate, we can write eq. (31) as,

Nyl (A ] |
I Hy (37

MO J BO J HzJ

6x1 63

3x1
where,
Mo, M 10, (.2 2

AY =D [4k](ze1-2) B :_EZ[qk](zk—l_zk) (38)

k=1 k=1

Here Af,” and Bf,” are each 3x3 matrices and combine to form the laminate magnetic AB matrix, as
shown in eq. (37).

The temperature change from reference at any point within a ply is given by 7(z) — Trer= ATy + z AG,
and the thermo-electric and thermo-magnetic field components, appearing in eqgs. (30) and (32), are
related to this temperature change by,

E,{—| Hf—|

ET| =C (AT, +z AG HI| =y} (AT, +z AG (39)
y k 0 y k 0
T T

E N, H, 1,

where CZ is the effective pyroelectric constant vector of ply k£ and \|f,; is the effective pyromagnetic
constant vector for ply £, both in the global laminate coordinate system. Note that the relations between
the thermal field quantities and the pyroelectric and pyromagnetic constants in eq. (39) is analogous to

that of the thermal strain and the coefficient of thermal expansion. Substituting eq. (39) into egs. (30) and
(32) yields,
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N N N
n 1 " 1 .
AFT =X &6k (2 —2) BT =-2 D (816 (80 —22) DFT =22 (818 (k1 - )
k=1 k=1 k=1

(40)

C3))

(42)

(43)

“44

45)

N N y
i 1 R 1 A
A" =Z[‘lk]\llz (251 = 2¢) By =—52[qk]\|l};(z/%_1 _Z’%) Dy =§Z[qk]wz (213-1 _Zi) o

k=1 k=1 k=1

Note that each of the above thermo-electric and thermo-magnetic ABD terms is a 3x1 matrix. We can

now write the laminate constitutive egs. (15) and (28) as,

NASA/CR—2009-215269 12



s s P
= - o o _ - a Y
M8 oLl (g pElL-AGl [Bel) (Bl @7

[ neran i,
w7 oi7|-ad) | nir||-ac)

Comparing the electric, magnetic, thermo-electric, and thermo-magnetic terms in eq. (47) with the
thermal terms in eq. (47) (see eqgs. (15a) to (15¢), (36), (38), and (45) to (46), it is clear that there is a

direct analogy among all A{). matrices, among all B{) matrices, and among all D{). matrices. Since the z;

functionality in all of these thermo-electro-magnetic ABD terms is the same as that of the thermal ABD
terms, it can be shown that these thermo-electro-magnetic ABD terms will shift reference plane (see
fig. 1) in a way analogous to the shift in the thermal ABD terms given in eqs. (21), (23), and (27). Thus,
for a reference plane shift of Az, we have,

AJ

A/ 0

new =

Btj;esz(j).‘i'AZA(j).q, j=E, M, ET, MT (48)

D/

Jow =D} +2AzB) + Az> A}, j=ET, MT (49)
In terms of the thermo-electro-magnetic force and moment resultants (egs. (33), (38), (42), and (43)), we
have,

NJow =NJ, j=E, M, ET, MT (50)

M/

Jow =M} + AzN}, j=E, M, ET, MT (51)

A simple procedure has thus been established for shifting all elements of the thermo-electro-magneto-
elastic laminate constitutive eq. (47) from the laminate midplane to an arbitrary reference plane. This new
laminate constitutive equation is given by,

E,| H, |
[NHAW Bmﬂ[sm At Bow AT 1 [Af | 7 [ A
M!| |gnew poew ||| cnew B¢ DY —-AG | BE y BM y

J J new new newJ EZJ newJ HzJ (52)

BET  pDET ||| -AG'| |BMI pMT || -AG |

new new new new

MT
_[Afzw szﬂ[umww_[% Bneﬂ[umww

3.0 Homogenization Procedure for a Group of Laminates

Now that a reference plane shifting procedure has been established, it is possible to develop a simple
methodology for homogenizing the constitutive equations of a group of laminates to arrive at an effective
laminate constitutive equation of the laminate constituted by the group. Because each term in the laminate
constitutive eq. (47) is determined via summation of ply-level quantities, provided that the constitutive
equations of all laminates in the group are determined with respect to the same reference plane (eq. (52)),
the constitutive equation of the group can be determined via a simple summation. Thus, given a number
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ZnEw

positive Az

Figure 2.—A group of laminates whose constitutive equation terms have been
determined with respect to a common reference plane, defined by the origin of
the coordinate z,ew. This allows determination of effective constitutive equation
terms (with respect to the common reference plane) for the laminate constituted
by the group.

of laminates and the z,., coordinate of the original reference plane of each laminate (given by /;, see

fig. 2), we can shift the reference plane of each laminate to the common z,, reference plane and then sum

the resulting ABD, matrices to determine the new homogenized ABD of the entire group of laminates.
For each laminate (denoted by the subscript p) in figure 2 the reference plane shift is given by,

Azg =-1, because Azg is measured from a laminate’s original reference plane to the new reference

plane, while /, is measured in the opposite direction, from the new reference plane to the laminate’s
original reference plane. Considering first the standard laminate ABD matrix terms,

0 0
AGroup :ZA;W =ZAP = AGrowp =ZAP (53)
p p p

Boroup = 0 B =Z(B°p +Az, A‘},):Z(B"p -1, A"p) — BGroup =Z(B°p -1, A"p) (54)
k P p p

Do = 2 DY =Z(D°p +2 Az, BY + Az ) Ag)
) P — Dgroup =Z(D0p ~21,B% +1,7 A"p) (55)
= (0} -21, 85 +1,> AY) P
k

Similarly, the homogenized thermal terms are given by,

A%roup :Z(Agew )p :Z(Ag )p - A%roup :Z(Ag )p (56)
14 14 14
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p
D%Toup = (Dgew)
i 1 D%roup =
_ o o 2 o
“{08), 2000 08), 0 0 () o (o) op2(a) | 0
p
=§[(ng)p ~21,(8) +1, (Ag)pﬂ
Ngroup :Z(Ngew) :Z(Ng) _>N£Toup :Z(Ng) (59)
p P p P p P

MGroup Z( new )p :Z(Ng +Az Mg )p :Z(Ng I Mg)p _>M£roup :Z(Mg I Ng)p (60)
p p p p

Finally, the homogenized thermo-electro-magnetic terms are given by,

Nhn =S8, 525,057, )
Mo ) b ()} 2.0 57.0 @
Dioup = Z[(D’) 21, (85), 41,7 (A3) | s=57, M7 3
Nbwn =S (M), =5, 57,07 o9

M., =§(Mg -1, N}) . =B, M, BT, MT (65)

The homogenized constitutive equation for the group of laminates with respect to the reference plane
defined by the origin of the z,, coordinate in figure 2 is given by,
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E E —| M H —|
[N|—| _ |:AG1'oup BGroup | [-‘Inew ] B AGroup  BGroup Irar, new |—| B AGfoup—| M AGfoup—| ¥
M| Bg, Dg, ‘ <V B D —AG BE y BM y
oup OUPJ J Group GroupJ Group J Ez J Group J Hz J (66)
ET ET MT MT
AGrowp  BGroup | [AT new | _ AGroup  BGroup | [AT new |—|
ET ET - MT MT _
BG’roup DG’roup AG J BG’roup DGroupJ AG J

4. Analysis of Blade Stiffened Panels

The geometry of a blade stiffened panel is shown in figure 3. The face sheet can be an arbitrary
composite laminate that is oriented as shown in the x, y, z coordinate system such that the z-direction is
the laminate through-thickness direction. This coordinate system is also used for the stiffened panel as a
whole. The blade stiffener can also be an arbitrary laminate, but, as shown, it is oriented in the x3, y5, z5
coordinate system with the blade through-thickness direction, z, corresponding to the panel y-direction.
Note that the xz-direction for the blade corresponds to the x-direction of the face sheet and panel as a
whole.

The key assumption made in incorporating the blade contribution to the overall behavior of the
stiffened panel is that the contribution is largely decoupled from the face sheet contribution. That is, the
response of the blade in its own y-direction is assumed not to affect the panel and face sheet response
due to the small contact region between the components. Considering first the panel mechanical behavior,
the decoupling assumption is embodied by assigning the blade the following effective in-plane properties
(in the local blade coordinate system),

E}#0, E} =0, vJ =0, G5 =0 (67)

Thus, in terms of its effect on the panel response, the blade will have a contribution to the axial stiffness
(x-direction), but no direct stiffness contribution and no Poisson contribution in the yz-direction (panel

z-direction), and no shear contribution. Ef is the effective (homogenized) axial stiffness of the blade. It
can be calculated from the inverse of the blade laminate extensional stiffness matrix, A, as,

1

EB -
B
tg AIll

X

(68)

where ¢ is the thickness of the blade (see fig. 3) and AIlBl is the 11 component of the inverse of the blade

laminate extensional stiffness matrix. Based on the effective properties given in eq. (67), the uncoupled
reduced stiffness matrix of the blade is,

EZ 0 o
Q4= 0 00 (69)
0 0 0
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X
Note: Hs counts
pliesin the -z
direction h
(zy=hg, z;= hg) 5
Blade y midplane
y P —*Z B
Xe
Ye
— | tB |y

Figure 3.—Geometry of a blade stiffened panel. The face sheet is shown in blue,
while the blade stiffener is shown in pink.

In the panel coordinate system (see fig. 3), the blade stiffness contribution is taken to be the volume-
weighted sum of the blade uncoupled reduced stiffness matrix and the empty space between the blades
along the panel y-direction. If the blade spacing (i.e., distance between adjacent blades) is denoted as S,
this blade contribution is given by,

_ EB 0o ol 1 0 0]
X
¢ tgQp tp
Qe = Bl g 0 o= 000 (70)
§ 0 0 0 S Al o o ol

Employing eq. (2), the blade contributions to the ABD terms with respect to the blade’s midplane (see
fig. 3) are given by,

—h h "
AB Qcont|: h52 3 h52 3} Qcot( hS) 1)
0 ~cont hS_h3 i h5—h3 2—|_
Bp =-— Q [(— 5 J—( 5 J‘J—O (72)
3
DB =_Qcont [( hs ;h?:j _(hS;h?:j‘—l Qcont( h5)3 (73)
|

Shifting these terms to the midplane of the face sheet, which serves as the reference plane for the panel,

+h
using egs. (9) to (11) with Az = % yields,
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A%ont — 6%ont ( hy — hs ) (74)

B%ont _ hy ;hs 6%ont (h3 — ) =%6%ont (h32 —h52) (75)
— h — —
D™ = Q5™ (s —hs) + (—3 ;hs JL Q5™ (s - hs) =3 Q5™ (1 - 1) (76)

Then, as discussed in section 3, the contributions of the blade and the face sheet to the panel ABD terms
can be added to yield the effective panel ABD terms (since the blade and face sheet terms are now known
with respect to the same reference plane). Thus,

Apanel =Agg + Q%OHt (h3 —bhs ) an
1 ~ceont {72 2

Bpanel =Bgg +EQB (h3 — ks ) (78)
1 ~cont (73 3

Dpanel =Dgg + gQB (h3 — ks ) (79

where Ars, Brs, and Dys are the face sheet laminate extensional, coupling, and bending stiffnesses,
respectively.

Considering the thermal response of the blade stiffened panel, the decoupling of the blade from the
panel thermal response indicates that only the x-direction thermal expansion of the blade will have an
effect. Thus, the effective coefficients of thermal expansion (in the blade coordinate system, fig. 3)
assigned to the blade for its thermal contribution are,

of #0, 05 =0, a2, =0 (80)

&f is the effective thermal expansion coefficient in the x-direction. This term can be calculated by

considering the inverted form of the general laminate constitutive eq. (47),
-1 -1

[SOL A° B [NT_ A% B [AY Bg‘T[ATOT

Kh B® D"h M] |B° D"h By D§l|L-AG]

—

A BT [AE]l 5

—| AO B0-|—1 AM‘l Hx—l
Y e 2 —[ [ N @81)
_B D J _BOJ E

H,|

- “1r -1

A% BO T AT B(’;’”[ATOT A° BOT [AMT B{,‘”T[ATOT
B* D% |B{" DT h -AG] |B° D"h By" Dy [|L-AG]

Clearly, a thermal matrix can be identified as “CTE-like”, and, as identified by Collier (1993) (ref. 29),
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-1 .
A BT [AY BY [ag,  opwinel -
B’ D"h B '

B DYl o™ Sum |

where @y, is a 3x1 vector relating strain to temperature change, acouplmg is a 3x1 vector relating

curvature to temperature change, 6°°“phng is a 3x1 vector relating strain to through-thickness temperature

gradient, and &4, is a 3x1 vector relating curvature to through-thickness temperature gradient. The
x-direction effective thermal expansion coefficient for the laminate is then simply the first component of
O, » that is,

0 = (Oem ), (83)

where (oclam )1 is the 1,1 component of the 6X2 matrix formed by eq. (82), and the blade CTE vector is
given by,

(84

Employing eq. (15), the blade contributions to the panel thermal ABD terms with respect to the blade’s
midplane (see fig. 3) are given by,

(A%)Oz(—)%ont EB|: 2h’3 h5 2h3J cont aB (h3—h5) (85)
3 2 2 2 2]
(Bg)o =_%Q%ont aB [(_hs 2h3j _(hs 2h3 J ‘JZO (86)
con hS_h i hs —h 3—| 1 =cont —
o o552 (2 porwsr

Shifting these terms to the midplane of the face sheet, which serves as the reference plane for the panel,

hs + h
using egs. (21), (23), and (27) with Az = % yields,

(A%)™ = Q5™ &5 1y —hs) (89)
(BS)"" =5 Q5 g (hy — hs) =5 Q5™ 5 (13 - 12 (89)
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hy + hs

cont 3
(05)™ = g™ a (- )" o212

con 1 cont
JQ "aig (b h5)=§QBtaB(h§_h53) 0

Then, as discussed in section 3, the contributions of the blade and the face sheet to the panel thermal ABD
terms can be added to yield the effective panel thermal ABD terms (since the blade and face sheet terms
are now known with respect to the same reference plane). Thus,

Apanel - %S + Q%ont O0p (h3 - hS) (91)
Bpanel _BFS += Qcont (h3 _hS ) (92)
Dponel = Dfs + = Qcont (h3 — ks ) (93)

where Afg, Bfg, and Dfg are the face sheet laminate thermal ABD matrices.

A similar treatment applies to the thermo-electro-magnetic terms. The decoupling of the blade from
the panel thermo-electro-magnetic response indicates that only the x-direction electric, magnetic, thermo-
electric, and thermo-magnetic expansion of the blade will have an effect. Thus, the effective piezoelectric,
piezomagnetic, pyroelectric and pyromagnetic coefficients (in the blade coordinate system, fig. 3)
assigned to the blade for its thermo-electro-magnetic contributions are,

(B —-B —B
€1 € 331—|
0 0 0
e=| % 0 0 94)
0 0 0
0 0 0
| 0 0 01]
[~ —B —B
qlli 421 Q31—|
0 0 0
— 0 0 0
qp = 95)
0 0 0
0 0 0
| 0 0 0 1]
gl
=0 (96)
0

NASA/CR—2009-215269 20



—B
e;

where i

, E,f , ZIB , and \T!f are the effective piezoelectric, piezomagnetic, pyroelectric, and

pyromagnetic coefficients, respectively, that influence the x-direction. In eq. (81) the following
identifications can be made,

where e, and qy,,, are 3x3 matrices relating strain to electric and magnetic field, respectively,

coupling

elam

oe,n and aq,,, are 3x1 vectors relating strain to temperature changes (due to thermo-electric and

thermo-magnetic coupling, respectively), ae,

-1 —
[AO B | [AgT_ Clam |
—| _coupling
B’ D"h th €om ]
-1 —
[AO B’ | {A{,” 1 [ Gtam ]
M‘ ~| ,coupling
B’ Doh By || (9am ]
-1 - .
A" B [AET BET| [ ey, sefre]
B° Doh BET DT ‘ _aelca‘i‘;phng Seim |
-1 - i
[A" ] [Asﬂ el [ e s
i
B Dl [BYT DYl [aqp™ Squm ||

coupling
am

)

%)

99

(100)

(101)

and qf:r‘;pﬁng are 3x3 matrices relating curvature to electric and magnetic field, respectively,

and aqlc:r‘;pﬁng are 3x1 matrices relating curvature to

temperature change (due to thermo-electric and thermo-magnetic coupling, respectively), ﬁef:r‘;pﬁng and

Sqf:r‘:lpﬁng are 3x1 matrices relating strain to through-thickness temperature gradient (due to thermo-

electric and thermo-magnetic coupling, respectively), and de,,, and 8q,,, are 3x1 matrices relating

curvature to through-thickness temperature gradient (due to thermo-electric and thermo-magnetic

coupling, respectively).

As was the case for the blade thermal expansion coefficients, the thermo-electro-magnetic

coefficients present in eqs. (94) to (97) can be extracted from eqgs. (98) to (101). The E,f and il-jl-; terms

are simply the first rows of the e,,,, matrix and the q,,, matrix, respectively, while ZIB , and \Tff are

simply the first term in the aey,, and aqy,, vectors.

Employing eqgs. (36), (38), (45), and (46), the blade contributions to the panel electric, magnetic,

thermo-electric, and thermo-magnetic ABD terms with respect to the blade’s midplane (see fig. 3) are

given by,

NASA/CR—2009-215269

21



(5) @ & - B2y g sy - ) (102)

2 2

(B5) =-2Q5" % {(—%T —(#Tﬂ -0 (103)

(Y )°=6%°‘“a3[—h5;h3 h52h3} Qg™ @y (ks —hs) (104)
(BY ) =305 a, [(— B j -(@jﬂ ~0 (105)

(a57) =Q5™ CB[ " ;h3 hs;"ﬂ Q5™ L (b ~hs) (106)
(B57) =205 T [(—%T—(@j}o (107)

510 _looonz |(_hs=m Y _(hs=k V|1 com

(p5") =5Q5 t;B[(— > j—( > 3)‘;503 s (hy —hs)’ (108)
(A4TY =05 %, [—hs ;h3 -5 ;h3 ﬂ=6%°‘“ Wz (s — hs) (109)
(83" )0 =—%Q%°nt Vs [(—hs ;h3 JZ —(#Tﬂﬂ (110)

Y} B
(P47) =3 Q5w [(——hsz'@j—(—hsz%jh Lo gah-h) i)

Shifting these terms to the midplane of the face sheet, which serves as the reference plane for the panel,

+h
using egs. (48, 49) with Az = hs ; 3 yields,

(Ag )con Qcont ( _ hS) (112)

(Bg )cont by + h5 Qcont ( ) Qcont ( - h52) (113)
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(B

o5

2
(8T )™ = Q5™ T (ks )’ (”“”Sjég‘%(h ~ 1) =5 Q5™ a5 (14 - 1)

12

i

(A )™ Qg™ (h — hs)

)cont h’3 + hS cont (h3 _hS) Qcont ( - h52)

)cont

by +hs

( AIE;T )con cont Cs ( )

)cont h3 +h5 ont Cs ( hS): 1~ ont C

2
cont _
(A%”) =QF"™ ¥ (b —hs)

5 chont\T'B(%—hs)— Qe

2

B

(% -13)

s (1 )

(114)

(115)

(116)

(117)

(118)

(119)

(120)

cont 1 — hy+hs Y = .
(D%T) t:%Q%ont\T’B(}%_hs)ii_i_( 3 + 5) Q%ont\ll (h _hS) Qcot ( X! hS) (121)

Then, as discussed in section 3, the contributions of the blade and the face sheet to the panel electric,
magnetic, thermo-electric, and thermo-magnetic ABD terms can be added to yield the corresponding

effective panel ABD terms (since the blade and face sheet terms are now known with respect to the same

reference plane). Thus,

NASA/CR—2009-215269

E t —
AL o =Afs + QF™ € (1 —hs)
E t —
Bpanel _BFS T Qcon (h3 hS )
M
Apanel =Aps +QF™ qz (s — hs)
BM +2 Qcont ( B2 - h52)
panel — FS

AETel — A ont CB ( )

Bpanel - + Qcont CB (h32 _h52)
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(122)

(123)

(124)

(125)

(126)

(127)



1= —
Dpa =i+ Q5™ T (1 -13) (128)

Aprr =AY +Q5™ W (b — hs) (129)
1~ _

Bia =B +2 Q5™ g (1 - 13) (130)
1~ _

Dy =D +2Q5™ 5 (1 - 1) (131)

where Apg, Bpg, and Dig are the face sheet laminate electric, magnetic, thermo-electric, and thermo-

magnetic ABD matrices.

It should be noted that if the blade stiffened panel includes a bottom face sheet, its contribution can be
included by simply shifting its mechanical, thermal, electric, magnetic, thermo-electric, and thermo-
magnetic ABD terms to the face sheet midplane according to eqgs. (9) to (11), (21), (23), (27), (48), and
(49) and adding these shifted terms to the corresponding panel ABD terms.

5. Analysis of Panels with Flanged Stiffeners

Considering a flanged stiffened panel, as shown in figure 4, the outlined region is referred to as
“Segment 8”. Comparing figure 4 to figure 3, it is clear that the only difference between the flanged
stiffened panel and the blade stiffened panel is the presence of the flange. Thus, the development of
effective ABD terms for the flanged stiffened panel necessitates only the additional analysis of Segment
8. As shown in figure 5, Segment 8 is composed of two other segments, Segments 1 and 6.

In the x-direction, which is the direction of the stiffener (and thus the strong direction), iso-strain and
iso-curvature conditions are employed. It is further assumed that the homogenized Segment 8 x-direction
force and moment resultants are the sum of the volume-weighted x-direction force and moment resultants
of the constituent segments (Segment 1 and 6). This is analogous to the “mechanics of materials”
micromechanics approach presented by Herakovich (ref. 28) that homogenizes continuous fiber
composites to obtain effective properties. The conditions employed for the stiffener direction are,

CARCNICE) (132)
(%) = (%)° = (%)’ (133)
(N’ = | (FWNT) (N )+ (WNT) (V)| (134
(M0)* =< (FWNT) (M) + (PN (1 ) | (135)

X

where Sx is the stiffener spacing, FWNT is the distance between flanges, and WNT is the flange width.
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Figure 4.—A flanged stiffened panel with the segment 8 region outlined.

z

Segment 1
Segment 6
y

—_— AN e WT
2 2
Sx

Figure 5.—The Segment 8 region divided into Segments 1 and 6.

In the y-direction and for the in plane shear effect (xy-components), the converse assumptions are
employed. That is, iso-force and moment resultant conditions are imposed, along with volume-weighted

summing for the strain and curvature components. These conditions are,
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(k) = (PINT) (k) + (PN ()" (142)

X

8 1 1 6]
() :S—[(FMVT)(KW) +(WNT) (k) I (143)
X
The constitutive equation for each segment is given by,
- [0
N el
w
J’y o o | E| El—| M) Hl—l
N, [A Bl [A B [AT|—| [A i [A o
- 5 - B I A By 2
Mol [BY Dl | [B* D*ILAGT [BY)) £ | (B 4|, (144)
My, Ky
M
(M | Ky |
AET BET I AT ] [AMT BMT I AT ]
BET DET‘J__AGU BMT pMT I —AGlj

where B is the transpose of the B matrix, which is necessary because the B matrix itself is typically
asymmetric for Segment 8 (although the ABD matrix remains symmetric). The equations are rearranged
such that all components that fall under the iso-assumptions appear on the left hand side,

(0 1 [N
Ny, e,
E | H |
ol [e]) T | [ -] ] [T ] TerT T A
Mxx xx E;l| Hsl|
W Kyy
My | K 1]
or, in simplified notation,
E | H,
- -[e]] S-(e]) | [ ) (e S S e
3 3

where the hatted matrices represent ABD matrices altered via the rearrangement required in forming eq.
(145) from eq. (144). Solving eq. (146) for Ry yields,
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_ E; | H, |
(Rg)= [c]_lg(RA){c“} _AATGG{CE} E;‘ &M H;
L B ] E3J H3J 147)
. AT | . [ AT ]
e[ A+ A :J>

Now, employing the above simplified notation, all of the iso-assumptions can be expressed as,

(Ra) =(Ra)° =(R,)° (148)

while all of the volume-weighted summation assumptions can be expressed as,

(Rg)® :SL[(I«"WJ\/T)(RB ) +(WNT)(Rg )6ﬂ (149)

X

The Ry vector for each segment in eq. (149) can be replaced with the expression from eq. (147),

RN ARG T AR B
R S R 1 B
A AT - U v R | L it
e = emnle ] fmo<[e]] e[| m] <[] m
J | E5l| H;l| (150)
— ] — E
e A Tem] 5 H:JH(WNT)[&} llﬁL(RA){eas][_AATG +[e=] éj
e AT ] 1. AT 1|]
+_CM6i| gjj+[CE”}[_AGU-'_[CMM}[_AG'Jj

Each effect present in eq. (150) can be isolated by considering the case when only it is active. That is, if
we assume that the panel has only mechanical loading and no thermal, electric, or magnetic loading,
eq. (150) simplifies to,

S, [CST (Ry)= (FWNT)[CITI (Ry)+(wNT)| €6 T (Ry) (151)
& T = SL%(FVWVT)[CI T +(wNT)[ € T} (152)
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Then, inverting eq. (151) provides €8, and rearranging the terms (see below) provides the homogenized
ABD matrix for Segment 8.
For the thermal, electric, magnetic, thermo-electric, and thermo-magnetic terms appearing in

eq. (150), we have,

Thermal

s [e ] [eas}[_AATG ﬂ

or

e=)-

Electric

or

Magnetic

or

Thermoelectric

S

or

e5m)-

NASA/CR—2009-215269
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L]

e

(Fn)[& ] [é‘“][ A7 L gr[es T [é“][ ol

_AG) _AG)

@] [ee ] ommesT e}

B E | B E |
= (FwnT)[ &' ] [éEl}{EZ +(wNT)| ¢ ] [é“}{EZ

Esl| Bl

e ] [e ) g e [exe )2
B H | . H |
= (FwnT)| €' ] [éMl}{HZ +(wNT)[ €] [éMﬂ{Hz
Hjl| Hjl|

~8 T rpET8]| A T peri ] AT | 6711 pEre ] AT |
JeT'[e }[_AGU - ()& ' [¢ ][_AGU o[ esT' (& ][_AGU
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(154)

(155)

(156)

(157)

(158)
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Thermomagnetic

s[e] e ] o= e T [en ] Steommlee] e 501 asn
(e s[e fyrmn e T [em g [ee T [ere]) (162)

By rearranging each of eqs. (152), (154), (156), (158), (160), and (162), the Segment 8 thermal,
electric, magnetic, thermoelectric, and thermomagnetic ABD matrices can be determined. However, for
this to be accomplished, all of the hatted matrices for each segment must be determined. This is done by
separating the segment constitutive equation as,

Nyy | 4y A3 By Byl s?,y—| 4 By |
Ny _| 43 A3 By By Yoxy N A3 By [Egﬂ
My, | Bn By Dy Dyl | (B2 D[kl
Myl LB By Dy D33J_nyJ B3 Dy |
48 BY| Af 4f A A 4 A
|4 B [Aﬂ_ AE 4E 4L Z:J_ A A A gﬂ 163)
BY DY L-AG]| |BE BE BE EZ I B BM BY Hz I
[BY D3] B B Bull B B Bill
Gl A
AT BET|[ AT |4 BYT|[ AT ]
377 D] |37 Dy
or, employing simplified notation,
v; =S, Uy +Sppu, —SPAT —SFE - SYH - SETAT - SMTAT (164)

and
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0
e, |
|:Nm:—| |:A12 A3 By Bsllv, _{Au 3111{8?“—'

MxxJ: By By Dip D, | L[Bu Dinllxyll

[ Kyl
_[Ala Bf"—l[ATT_[Aﬁ A5 4E] ?1_[,41"14 A 44 gﬂ
B Dlah —AG | Bﬁ B1E2 BlE3‘J Ezj B BY BIASJJ sz
_[4M‘<QMW[ATT_[AyT B#TT[ATT
B D" ‘J -AG] | BT D T‘J AG]

or, employing simplified notation,
Vy = SZlul + Szzuz - SgAT - SgE - Sng - SgTAT - SéMTAT

Equations (164) and (166) can be rearranged and combined as,

[vl—| [su slﬂ[ulw sf‘TE_lslMTH_lsfzr‘wﬂ_[sfmﬂ

§e |
= ‘ AT-| | E~| - MT‘
Sy Syl|LV2] S5 1] Sy ] S S> ]

|

uzj_

(165)

(166)

(167)

where now all components subjected to the iso-conditions appear on the left hand side. Solving eq. (166)

for u; yields,
up =[Sy ] {v2 Sy +STAT + STE+ 85 H + 857 AT + 8577 AT]
and substituting for u, in eq. (164) using eq. (168) yields,
Vi =81y + 813 [Sp [ { V2 —S50u; +SFAT +STE+ 85 H + 857 AT+ 8} AT}
—SYAT-SEE - SMH - SFTAT - SMTAT
or, with terms grouped,
i= {Sll =812 [S2 ]_1 SZl}ul +812[S2 ]_1 V2~ {Six -812[Sx ]_1 Sg} AT
—{Sf 81, [S,] 7' 85 } E - {Sfu ~Si2[Sp ] Y } H- {SFT =S [Sn]” SgT} AT

—{S{W ~Sp,[S5, ] SH7T } AT

(168)

(169)

(170)

Comparing egs. (170) and (168) with eq. (167) allows the identification of the following hatted terms,

Mechanical

A -1
S11=811-812[Sn] Su
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S12 =812 [S2 ] (172)

A -1
So1=—[Sn] Sy (173)
A -1
Sy =[S2] (174)
Thermal
& -1
SI' =87 =S5 [S ] S5 (175)
A -1
87 =—[Sn] 8% (176)
Electric
SE=8F -8, [Spn] "' S% (177)
A -1
87 =—[8n]" 87 (178)
Magnetic
SM =sM -8, [y, Y (179)
A -1
Y =—[8] 8 (180)
Thermoelectrie
SET =§FT _§),[Sp ' 85T (181)
837 =—[Sp] "' 83" (182)
Thermomagnetic
SMT =sMT _8,, [y ] YT (183)
SHT =—[8,, ] s¥T (184)

The equivalence between the S* matrix terms in eqs. (171) to (184) and the €°® matrix terms from
egs. (152), (154), (156), (158), (160), and (162) is,
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(185)

$n(L1) Su(L) $n(1L2) $»(L2) 5 (13) $xu(14)

S (1,4)

S11(1,3)

~

S (2,1)

~

S (1,2)

~

S (L1)

S1o (1,1)

~

~
~

~

Sp(21) Si1(21) $:1(22) $2(22) $:(23) $1(2.4)
S (21) $1(21) $:(22) $1(2.2) 55 (L3) S$5(14)

~
~

~

~

~
~

~

S2(31) $:1(31) 5:(3,2) $,(3,2) 5:(3,3) S$i1(3.4)

~

~

~

~

~

S (41) 81(41) 8,(42) $2(42) 51(43) 81(44)]

~

(186)

(12)
(2,2)
(2,2)

Qo
1

(L1)

Qo
1

Qo
1
S3

(21)
(21)

Qo
1
o
2

(3,2)

qQ
1

(31)

qQ
1

(4.1)]

QO
1

(41)

Qo
1
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7~~~

~

o0

p—
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n en en en on en
[ . L o ()] &,4
B HFHE WSy
N N AN N AN N
- = &N & & <
B HFHE WSy
— oy = e e
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K K
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~
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~

S
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(188)

1L2) 8 (13)]

(1)

— o~ o~ U
N e N T )
= & & o
I S R
—~ N N S~
(@] (@] (@] (o] (@]
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= & & o
R N A

(189)
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CMT

SMT(1,1) ST (1,2)
SMT(1,1) M (1,2)
|8 (21) §MT (2,2)
C[SMT(2,1) SMT (2,2)
SMT(3,1) SMT (3,2)
ST (a1) ST (4)

]

(190)

where the parenthetical indices refer to the indices of the components within each S‘y' and § k. matrix.

Using eqgs. (152), (154), (156), (158), (160), and (162), we can now determine the hatted quantities for
Segment 8 from the hatted quantities of Segments 1 and 6 given by egs. (171) to (190). In order to then
determine the non-hatted quantities for Segment 8, the reverse of the procedure embodied by eqgs. (164) to
(190) are employed, resulting in equations of identical form of eqs. (171) to (184), but with the rolls of
hatted and unhatted quantities reversed. That is,

Mechanical

Thermal

Electric

Magnetic
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S11 =811 =S [Szz Tl S21
S12 =812 [Szz Tl
So1 = —[Szz Tl S21

Sy = [Szz ]_1
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(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)



Sy =—[§,] 84 (200)

Thermoelectric
. S
St =87 -8, [Szz] S (201)
SR
$57 =—[8y, | 857 (202)
Thermomagnetic
. x ra -la
sMT =81 -8, [Szz} Sy (203)
S
sy =-[8 | 87 (204)

Finally, the form of the equivalence between the S matrix terms and the C matrix terms is identical to the
form of the equivalence between the S matrix terms and the € matrix terms given in eqgs. (185) to (190).

6. The Thermal Analogy

It is clear from the preceding development that an analogy exists between the thermal treatment of the
material/laminate and each of the piezoelectric, piezomagnetic, thermoelectric, and thermomagnetic
treatments of the material laminate. That is, the piezoelectric, piezomagnetic, thermoelectric, and
thermomagnetic effects are each incorporated into the overall theory in a way that is analogous to the
treatment of thermal effects. Therefore, it is possible to utilize the thermo-electro-magnetic terms within
the theory to mimic thermal behavior, and conversely, it is possible to utilize the thermal terms within the
theory to mimic the piezoelectric, piezomagnetic, thermoelectric, and thermomagnetic effects. This
thermal analogy can be used to verify the thermo-electro-magnetic implementation vs. an established
thermal implementation or to perform a piezoelectric, piezomagnetic, thermoelectric, and thermomagnetic
analysis using an established thermal implementation. C6té et al. (ref. 30) employed the latter approach to
simulate the dynamic response of composite beam with an embedded piezoelectric actuator.

6.1 Material Level Thermo-Electro-Magnetic Terms Mimicking Thermal Response

The general thermo-piezo-electro-magnetic constitutive equation for a material is given by,
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61 ] G Gy Gz
Oy Ca Gy Gy
on| _|Gs (s G
023 Ca Gy Cxy
213 CGs G Gy
Loz 1Gs Cos Gse
€1 e 331—|

€2 €xn €3

_|a3 €3 és

€4 €4 €34

€5 €s é&s

e €6 €6 ]

Gs Gs Gg
Cu G5 Gy
Gy Gs Gy
Cas Cus Cye
Cas Css Csg
Cas Css Ces
E, + (AT

E, + (AT -

Ey + AT I

This equation can be written in matrix form as,

&y —ayAT |
€y — Ogp AT
€33 — O33AT

2853 —20193AT
2813 —2043AT
| 2815 —20,AT |

921 Q31—|
922 4932

H, +y,AT |
923 433 H, +y,AT
924 934 Hy +y3AT ||
925 435
926 936 |

6=Cle—aAT]|-e[E+{AT]|-q[H+yAT]

or

o=c[a—aAT—c4eE—(f%cAT—(f&ai-c*quT}

(205)

(206)

(207)

Thus, in order to mimic the material level thermal effects using the piezoelectric terms, we seek a “Fake”

piezoelectric coefficient matrix such that a AT = Ccle

Assuming orthotropic behavior,

] ¢, C
o] 11 G
oy Cr Cp
03 \p_| G Ca
0 0 0
0 0 0

L 01l 0o 0

Cz; 0 0
Csy 0 0
Csz 0 0
0 Cy O
0 0 Css
0 0 0

Now, by setting E; =AT, E, =0, E; =0, we have,
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- T TFake
oy ] G G, Gz 0 0 0 €1 €1 e
o, Gy Cp C3 0 0 O ey ep e AT
03| \p_ Gs C3 G3 0 0 O e3 €3 e 0 209)
0 0 0 0 C44 0 0 €14 ©4 €34 OJ
0 0 0 0 0 C55 0 315 325 335
0
L0l L0 0 0 0 0 G las ex €]
or
r -| r -|Fake
Gi G G3 0 0 0, 1 e
1
Cp Cp G O 0 0flq, €2
Cs Cs3 Gy 0 0 0o, AT = 3 AT 210)
0 0 0 Cy O o0f|0 e
o 0 o o0 Cs off? as
0
L 0 0 0 0 0 C66J_ J _316J

which gives,

Fake _
a1 - =Choy + G0, + G304,

Fake _
ey - =Cpoy +Cxnoy +Cy04

Fake _
a3 =C304 + G0, + C3304

@11)
efke =0
ek =
e =0

Thus, by utilizing the fake piezoelectric coefficients indicated by eq. (211), along with E; =AT, E, =0,

E; =0 (and then also utilizing fake thermal expansion coefficients, af&e =g ), it is possible to determine
the thermal behavior of a material through the piezoelectric terms. This can be used to verify the

piezoelectric implementation.
Similarly, to verify the piezomagnetic effects, we set H; =AT, H, =0, H; =0, and
Fak
a1 =G0y +Cpon, + G0,

Fake _
giz =G0y + o, + G305

i3 = G304 + Cy305 + Ca30t @12)
g3 =0
g5 =0
g6 =0
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For the thermo-electric effects, what we have a AT = C~leF2® Z;Fake AT . Again, assuming

orthotropic material behavior,

r -| r -lFake
G G, Gz 0 0 O [0y ] |41 @1 &1
Gy Cp Cp 0 0 0 oy €y €p €3 c _|Fake
C C C 0 0 0 ol 313 323 333 1
13 23 Ca3 3| _ ¢ (213)
0 0 0 C44 0 0 0 314 324 334 §3J
0 0 0 0 C55 0 0 315 325 335
01|
L 0 0 0 0 0 C66 J B _316 326 336J
Setting {Fae =1, ¢Fake —o, ¢f&¢ —0, we have
r -l r -lFake r -lFake
Gi G G3 0 0 O foy] |41 €t &1 e
Co Cp G O 0 0flq, Q2 €2 €3 1] €2
C., C C 0 0 0|l a
13 C23 Ca3 3 _|G3 €3 €3 ol =| &3 214)
0 0 0 Cyu 0 0|0 leag ey ey o |@s
00 0 0 G5 0|[% |as es es és
0]
L 0 0 0 0 0 C66J - _316 326 336J _316J
resulting in,
Fak
ar - =Cog +Caoy + G304
Fak
ey =Clp0y + Crly +Cy30,
Fak
ey =Ci30y +Cp0, +Cy30, 215)
eﬂake =0
efsake =0
elg =0
Similarly, for the thermo-magnetic terms, we set y; =1, y, =0, y; =0 and obtain,
Faki
ar - =G0y +Cipo, + G304
Faki
qis - =Ca0y +Cply +Co30t3
Fak
@3 - =C30y + Cp30i + C3304 216)
g1 =0
qfsake — 0
di6 =0
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egs. (205) to (207). Setting af&e ATk — 71 E and retaining anisotropic behavior,

or

SO

-|Fake

A TFake —

oy -|Fake Cll
oy Cy
o3 F = Ca1
%q Ca
gs I Cs1
6
| Ce1
r o -|Fake
1L7)
03 E -
oy
Qs
| O
r o -|Fake
1L7)
03 B
oy B
Qs
| O
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Material Level Thermal Terms Mimicking Thermo-Electro-Magnetic Response

In order to mimic the material piezoelectric behavior using the thermal terms, we again begin with

E |

E, (217)

E;l|
(218)
(219)
(220)



Generally, for any single applied electric field component, E;, set ATFEe — E; and E; =0 (j#i)along

with,

r -lFake

Ca Gs
Cu Cos
Ga Gss
Cas Ciys
Csq  Css
Ces  Ces

Ces

T'e

1 Lles

]

(221)

Similarly, to mimic the piezomagnetic effects using the thermal terms, set AT - H; and H; =0

(j #1i) along with,

r o, -|Fake

In order to mimic the thermo-electric effects, we set a

material behavior and setting ATT® — AT ,

- o -|Fake Ch
a, Cor
o3 _| G
Oy Cay
s I Csy
g

} Ce1

G

Gsa Gs Gg
Cu Gs Gy
Gy G5 G
Cas Cas Cye
Csq Css Csg
Ces Cos Cos
Fake 4 7 Fake
e
Cs Cel |en
Cs Gy P)
Gs Gse €3
Cas Cas €4
Css  Cse és
Ces Ces| Les

—|_1 i
92
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9ia
qis
1 L4%s

€
€
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€
€3
€33
€34
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€36

]

In order to mimic the thermo-magnetic effects, we set AT Fake _ AT , along with,
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_ -1 r
fo e |G Ga Gs Ga G Co [an @ aa)

o
oc; Cyi Cyp Chy Cyy Chs Cy 12 922 9% 6]

03 _|G1 G G Gy Gs G 913 D3 933 C; (224)
Oy Cy Cip Cpz Cyy Cys Cyg Da 9 D4l | 4]

ZZ | Cs1 Cs5 Cs3 Csy Css Csg qQis 4925 935

1Ce1 Coo Cez Cea Cos Ces| |96 926 936

It is thus possible to mimic the piezoelectric or piezomagnetic behavior of a material in response to a
single electric or magnetic field component by using the fake coefficients of thermal expansion given by
egs. (221) and (222). The thermo-electric and thermo-magnetic behavior can be mimicked by using the
fake coefficients of thermal expansion given by eqs. (223) and (224).

6.3 Panel Level Thermal Terms Mimicking Thermo-Electro-Magnetic Response

A simple thermal analogy is also in effect on the panel and laminate level. The laminate or stiffened
panel constitutive equation is given by,

E. | H. |
[N—I_[A B-|[s°—| A% B[ AT ][R EL TAM]
M| |B D] K"‘ B® D“‘ ~AG]] BE‘ ¢ BM‘ g
1 1 1 E,) 1 ", (225)
AET BET T AT ] [AMT BMT |[ AT ]
BET DET‘J —AGlj BMT DMT‘J ~AG|
Equating fake thermal terms with the piezoelectric terms gives,
Fak ]
|l A o
B DY el |
zZ
or,
r Fake
E 4E 4E
A Bla—l Y TR: V) 1413—|
E 4E 4E
4y By Ay Ay Ay 2]
Fak
AL BY [ATl—I © 4 Ah Ah E" @
— | RE E E y
B Df AG | Bji By B3 E, )|
E E E z
By DY By1 By B
E pE pE
By D3| | B3y By Bij

Applying a single electric field component, E;, we have,
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Setting ATT® = E; and AG™® =0 gives,

or,

Fak
Bl
By
BY [ AT lTFake _
Dla —AGJ
DY
DY
r Fake r
E
A 1 Ali—l
E
Ay Ay
E
43 £ - A3
o i~ E
B Bj;
E
By By;
BY BE
L -3 J 31J
— Fak —
AT [ 4E]
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A |4
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BS By,
E
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(228)

(229)

(230)

Similarly, to determine fake thermal terms that mimic the panel/laminate piezomagnetic response, we set
AT™® — H. and AG¥®® =0 along with,
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These results are useful because they enable the analysis of piezoelectric and piezomagnetic shells
within NASTRAN using the software’s thermal analysis capabilities. NASTRAN accepts thermal ABD
matrices for the shell materials. Thus, by providing NASTRAN with the appropriate fake thermal terms,
the software will solve a thermal problem that is analogous to a desired piezoelectric or piezomagnetic
problem. An even simpler analogy exists between the panel level thermal terms and the thermo-electric or
thermo-magnetic terms. Simply setting,

A® B ke AET  BET]
- (232)
or
A% B [AMT pMT]|
= ‘ (233)
B* D% BMT pM||

will enable the thermal capabilities to mimic the thermo-electric or thermo-magnetic response. However,
these analogies are less useful because their use assumes that the panel or laminate only reacts to the
applied thermal loading through the thermo-electric or thermo-magnetic terms, and not through the
standard thermal expansion terms. That is, these analogies would only be valid for the case in which the
panel/laminate coefficients of thermal expansion are zero.

7. Results and Discussion

To verify the thermo-electro-magneto-elastic implementation within HyperSizer, we consider a
bonded facesheet-flange combination, which is identical to the HyperSizer section 8 shown in figures 4
and 5. The geometry of this problem is shown in figure 6. Within HyperSizer, this case corresponds to a
T-stiffened panel (see fig. 4) with an infinitesimal web. The facesheet is composed of PZT-7A zirconium
lead titanate piezoelectric material with a through-thickness poling direction, while the flange is
composed of aluminum. The material properties employed for these materials are given in tables 1 and 2.
As indicated in figure 6, a voltage difference of 1x10° V is applied through the thickness of the face sheet.
This corresponds to an electric field of (1x10° V)/(0.00229 m) = 43.67 MV/m. This problem has also
been analyzed using the ABAQUS finite element analysis package, employing the finite element mesh
shown in figure 7, consisting of a total of 21,200 elements. The facesheet is composed of CPE4E
piezoelectric plane strain continuum elements, while the flange and adhesive are composed of CPE4R
reduced integration plane strain continuum elements.

i L =254 mm
! L, =30 mm

: t1=2.29 mm
V=1x10°V 12 =0.762 mm

Flange: Aluminum tadhesive = 0.1016 mm
tadhesive I
x 0
Facesheet: PZT-7A

e L
<—— L I L, ——>

Figure 6.—ABAQUS solution domain for a facesheet-adhesive-flange combination.
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Figure 7—ABAQUS mesh for the bonded doubler joint.

TABLE 1.—ELASTIC CONSTANTS OF THE MATERIALS USED IN THE ANALYSES FS. 3 AND 4)

En Exn Es; Viz Vi3 V23 Gz Gis G
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
Aluminum 68.95 68.95 68.95 0.30 0.30 0.30 26.52 26.52 26.52
PZT-7A 94,97 81.90 94,97 0.384 0.323 0.331 2540 2540 35.90

TABLE 2.—PIEZOELECTRIC PROPERTIES (REF. 4) OF THE MATERIALS USED IN THE ANALYSES

€222 €233 €211 €323 €112 ka kss ki1
(C/m%) (C/m?) (C/m?) (C/m?) (Cm?) (107 C/Vm)[(107° C/V m)|(10° C/V m)
PZT-7A 12.25 2.1 2.1 9.2 9.2 2.07 4.07 4.07

The normal stresses in the plane defined by the facesheet (x-y plane) arising due to the applied voltage
along the cut shown in figure 7 are plotted in figures 8 and 9. The original ABAQUS solution (labeled
“ABAQUS Fully Coupled”) agrees reasonably well with the HyperSizer solution, but some deviation is
evident. This deviation is caused by the fact that HyperSizer’s formulation is based on the ability to apply
constant panel (or laminate) level electric field components. In contrast, the ABAQUS continuum
solution involves the application of electric potential at boundaries along with solution of a boundary
value problem for the electric potential throughout the model. As will be shown, the ABAQUS solution
does not result in constant electric field components.
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Figure 8. —Stress component (cx) along the cut through the flange adhesive
and facesheet defined in figure 7 as predicted by HyperSizer and
ABAQUS both with fully coupled and decoupled electric field components.

3.5 1

=— ABAQUS Fully Coupled 3.0 -
=— ABAQUS Decoupled
X HyperSizer

2.5 4

Zz (mm)

0O-0
Av

250 -200 -150 -100 -50 0 50 100 150 200
oy (MPa)

Figure 9.—Stress component (oy) along the cut through the flange
adhesive and facesheet defined in figure 7 as predicted by HyperSizer
and ABAQUS both with fully coupled and decoupled electric field
components.
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In order to provide the ABAQUS solution with constant electric field components, which mimics the
HyperSizer formulation, it is possible to employ artificially large dielectric constants (k;;) for the PZT-7A
material. This, in effect, decouples the electric field components (F;) in the piezoelectric material
constitutive equation,

fonl [C1 G2 Gz 0 0 0 ¢ 0 0 |ley]

On| |G Cn Cxp 0 0 e 0 O0fjey

O3 |Gz G5 Gz 0 0 0 g3 0 0)ies;

ol [0 0 0 Cy 0 0 0 0 0|y

o= 0 0 0 0 Cs 0 0 0 es||ms 234)
6l |0 0 0 0 0 Cu 0 e 0|y

Dy g1 e, €3 O 0 0 x5, O 0| B

D |0 0 0 0 0 e 0 x, 0|

(D)0 0 0 0 es 0 0 0 x| B

where D; are the electric displacement components and an x; poling direction has been assumed. By
making the dielectric constants large, the stress, strain, and electric displacement components will depend
on the electric field components, but the electric field components will not depend on the stress, strain, or
electric displacement components. This condition is analogous to specifying constant electric field
components, as is done in HyperSizer, such that they cannot vary due to the other field components.

To accomplish the decoupling of the electric field components described above, the dielectric
constants given in table 2 were increased by a factor of 10°. Results for this case, labeled “ABAQUS
Decoupled”, in figures 8 and 9 now agree extremely well with the HyperSizer solution. Figures 10 to 13
provide further comparisons between the ABAQUS results with and without fully electric field coupling.
Figure 10 indicates a slight difference in the von Mises stress field between the two cases. Likewise
figure 11 shows only a small difference between the electric potential solution between the fully coupled
and decoupled cases. However, the spatial derivatives of the electric potential, which are the electric field
components in the two directions, do show significant differences. In figure 12(a), in the region of the
facesheet directly beneath the flange, a through-thickness electric field gradient has arisen due to stress,
strain, and electric displacement components that arise in the region due to the presence of the flange. In
figure 12(b) on the other hand, the decoupling has eliminated this variation in the E, electric field
component, and a constant E, value of 43.67 MV/m results in the facesheet, identical to the value applied
in HyperSizer. The variation in E, evident in figure 12(a) is approximately =8 percent with respect to the
constant decoupled value, which is not excessively large, but clearly is large enough to have an effect. In
figure 13(a), a gradient in the E, electric field component has arisen near the free edge of the adhesive
bond within the facesheet. This is due to Yy, shear strain that arises in this region which, thanks to a non-
Zero eyq (see eq. (234)), gives rise to an electric displacement and field. In figure 13(b), the decoupling of
the electric field components has eliminated this gradient, and a constant E; field results with a value of
zero. Again, this is identical to the condition imposed in the HyperSizer solution.
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von Mises Stress (MPa)

327 4
300.1
272.8
245.6

(a) 218.3
191.0
163.7
136 4
109.1
81.85
54.57
27.28
0

von Mises Stress (MPa)

327.4
300.1
2728
(b) 245.6
218.3
191.0
163.7
136.4
109.1
81.85
54.57
27.28
0

Figure 10.—Von Mises stress field predicted by ABAQUS with
(a) fully coupled and (b) decoupled electric field components.

Electric Potential (V)

33,330
25,000
16,670
8,333
0

100,000
91,670
(a) 83,330
75,000
66,670
58,330
50,000
41,670

Electric Potential (V)

100,000
[ 91,670
(b) 83,330
75,000
66,670

58,330
50,000
41,670
33,330

25,000
16,670
8,333
0

Figure 11.—Electric potential field predicted by ABAQUS with
(a) fully coupled and (b) decoupled electric field components.
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E, (MV/m)

-43.19
-44.33

E, (MV/m)

-40.34
-40.91
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Figure 12.—Electric field component E, predicted by ABAQUS with
(a) fully coupled and (b) decoupled electric field components.
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Figure 13.—Electric field component Ex predicted by ABAQUS with
(a) fully coupled and (b) decoupled electric field components.
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8. Conclusion

The methods employed within HyperSizer to analyze composite stiffened panels with thermo-electro-
magneto-elastic coupling have been presented. Starting on the level of the laminate, classical lamination
theory is employed, and new electric, magnetic, thermo-electric, and thermo-magnetic ABD terms have
been identified. Homogenization techniques have been presented for blade and flanged stiffeners that
result in stiffened panel level constitutive equations that are analogous to thermo-electro-magnetic
laminate constitutive equations. These allow the stiffened panel to be included in a higher scale structural
model via methods that accept laminate constitutive equation terms such as MSC/NASTRAN. While
MSC/NASTRAN does not presently accept the newly developed thermo-electro-magnetic terms, the
ability to calculate these terms allows the easy quantification and analysis of a new class of smart
stiffened panels.

The analogy between standard lamination theory thermal expansion effects and the newly developed
thermo-electro-magnetic effect was also discussed. This thermal analogy can be used to model the
response of smart structure through a method’s existing thermal capabilities, or to model a thermal
response of a structure through a method’s electro-magnetic material capabilities. The former is useful for
generating results for comparison with a known method, while the latter is useful for verifying a thermo-
electro-magnetic method by generating known thermal results. In both cases, the coefficients needed to
take advantage of the thermal analogy have been identified.

Verification results have been presented that compare HyperSizer piezoelectric results with ABAQUS
piezoelectric finite results for a facesheet-adhesive-flange combination. Because the ABAQUS
capabilities are limited to piezoelectric materials, the new piezomagnetic, thermo-electric, and thermo-
magnetic capabilities of HyperSizer were not compared. The results indicated generally good agreement
between HyperSizer and ABAQUS. However, because ABAQUS solves a piezoelectric boundary value
problem subject to prescribed electric potential, the electric field components can vary spatially within the
model. The HyperSizer implementation, on the other hand, is based on classical lamination theory with
prescribed spatially constant electric field components. This limitation leads to some discrepancy in the
results. By decoupling the electric field components within the ABAQUS solution by significantly
increasing the piezoelectric material dielectric constants, the electric field components are forced to
remain constant. ABAQUS results in this decoupled condition match the HyperSizer results nearly
exactly, serving to verify the HyperSizer piezoelectric implementation.
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